Typical queues do not have constant arrival rates. This paper discusses effective computational methods for dealing with queues having nonstationary arrival processes. It presents a computationally undemanding approximate method for finding the time dependent mean and standard deviation of the number of customers in an s server queueing system with time-varying arrival and service rates. Results are exhibited for various 1 and 3 server queues with constant service rates and sinusoidal components in the arrival rate. (QUEUES-NONSTATIONARY; QUEUES-TRANSIENT RESULTS; QUEUES-NU-MERICAL METHODS)
Introduction
Queueing models were among the first models of operations research. The leading introductory texts of operations research have chapters that develop the elementary theory and give examples of actual situations involving queues. These examples involve situations in which the arrival process typically has significant and predictable time-dependent characteristics. Wagner [26] , for example, lists grocery store checkout stands, bank tellers' windows, service station pumps and attendants, telephone trunk lines, and photocopy equipment maintenance men. Most service facilities of these kinds experience predictable demand fluctuations. Although elementary queueing theory dealing with stationary behavior is useful in many areas, it is inadequate for dealing with situations in which the time dependent behavior is important. This is often true for queues that go through periods in which the arrival rate exceeds the service rate. There are a variety of ways of attempting to bridge the gap between elementary theory and practical, nonstationary problems. This paper reviews several of them and presents a new "closure" approximation method for computing the time-dependent mean and variance of the number in the system of a nonstationary M/M/s queue. This method is computationally tractable and usable with any dynamic pattern of arrival (and/or service) rates and with any number of servers. Experiments show that the method gives close approximations when used for calculating transient behavior and limiting periodic behavior. We illustrate the use of the method by computing graphs showing the average number in one and three server systems when the arrival rate has both constant and sinusoidal components.
This work has been used to model the capacity acquisition problems faced by the managers of a variety of central document reproduction departments. These departments typically have predictable fluctuations-time of day, day of the week, and sometimes day of the month-in the rate of arrival of their work. In some reproduction departments these fluctuations are mild, but often they are large enough that the peak period arrival rate significantly exceeds an economically reasonable capacity level. Detailed data on particular central reproduction departments is expensive to obtain, but estimates are usually readily available for the average arrival rate of jobs, the average time to do a job, and on the period and relative magnitude of systematic fluctuations in workload. For capacity acquisition decisions it is usually adequate to assume that job times are exponentially distributed and that arrivals are generated by stationary queues. Such methods have been suggested by Gaver [4] and recently by Kotiah [17] .
The approach taken in this paper belongs to a general class of methods known as closure techniques for approximating solutions of infinite systems of equations. These are commonly used in physics. The basic strategy of a closure technique is to reduce an infinite system of equations to a finite system by making a "closure assumption" in the form of a functional relationship between the variables of the system. For instance, the well known Maxwell-Boltzman equations are obtained by closing an infinite hierarchy of differential equations for the probability density functions over the position and momentum of particles in a fluid [8] . The key to the success of a closure method is its closure assumption, while the test of any such assumption is the empirical usefulness of the resulting equations. The experience in physics is that systematic approaches to derive such assumptions have not been as effective as intuition [9] .
The finite state approximation technique employed by Koopman [11] and Kolesar et al. [10] can be viewed as an elementary closure method in which the infinite system of equations is closed by assuming zero probability beyond some finite number in the system. Another closure method for approximating the time dependent mean of a nonstationary M/M/1 queue has been recently published by Rider [24] . He combines the state equations to obtain the differential equation for the mean in terms of the idle probability. He then makes a closure assumption relating the idle probability to the mean number in the system, the arrival rate and the service rate. Our approach is somewhat similar to Rider's approach but it is more general and appears to produce better approximations. We use the differential equations for the mean and variance for the M/M/1 queue due to Clark [2] and generalize them to the M/M/s case. These equations are expressed in terms of the state probabilities for states with fewer customers than servers. Our closure assumption employs the negative binomial distribution to approximate the state probability distribution in terms of the mean and variance of the number in the system. This leaves us with a pair of differential equations for the mean and variance of the number in the system. We integrate these equations by standard numerical methods.
At the time of the final revision of this paper, we learned of recent unpublished work by Chang [1] and his student Wang [27] . Chang analyzes networks of M/M/1 queues using an approach similar to ours but with a different closure assumption relating the idle probability to the mean and variance of the number in the system. Wang's work attempts to improve that closure assumption and generalize the results to other queueing systems.
The next section of this paper describes in detail the method we propose and its characteristics. The following section displays and evaluates some results we have obtained using this method. Finally, the appendix contains theorems stating its theoretical properties.
The Method
For ease of exposition, we consider first the single server queue with Poisson arrivals at a nonnegative time varying rate X(t), and exponential service at a time varying nonnegative rate, 1(t). Let Pn(t) be the probability that there are n customers in the system at time t, and let Pn(t) be the derivative of Pn(t) with respect to time. 
Equations (2) and (4) 
n =O To "close" equations (7) and (8), we need the probabilities P0, PI, . . ., Ps1 which we approximate as before using (5) It is interesting to note that the summation in (7) The appendix to this paper contains three theorems summarizing our theoretical analysis of the proposed method for the M/M/I1 queue. The proofs to these theorems along with related results are given in [25] . In our analysis, we focus on two aspects of the method. First we examine issues concerning our closure assumption, and then we analyze the error propagation resulting from our numerical integration.
In particular, we show that for any nonnegative initial values m(O), v(O), the solution m(t), v(t) of (2), (4) and (6) will be nonnegative for all t and consequently 0 < PO(t) < 1 for all t. We also show that under reasonable assumptions on ,u(t) and X(t) any trajectory of m(t) and v(t) generated by (2), (4) and (6) with v(0) > m(0) > 0 will asymptotically approach any other trajectory generated by these equations with nonnegative initial
values. This result justifies our assumption v(0) > m(0) > 0 when using the procedure to obtain limiting periodic solutions. Finally we show that with the above restriction on the initial values, one can always select a sufficiently small A so that the numerical integration will approximate the exact solution to (2), (4) and (6) on any finite time interval within any given tolerance. While we have not established the above results for the general M/M/s case, our computational experience leads us to believe that similar results hold for it.
Results and Discussion
Since this method is approximate and we have no analytic bounds on the approximation, it is necessary to test the method's accuracy by means of computational comparisons. We have performed several kinds of comparisons. First, we obtained from Eric Leese and ran the test problem used in [13] . That problem involved a widely fluctuating arrival rate and one server. Unfortunately, only the plots of the results reported in [ The only other published test problem we are aware of is given by Rider [24] . It is a single server periodic queue with widely varying arrival and service rates. The solution Rider reports is a periodic limiting result. Our method solved that problem more accurately than Rider's method. Table 2 gives the comparison. In that table, the "exact" solution is the one reported by Rider and verified by us by numerical integration of a truncated version of (1).
We have also run a number of tests of our method with the arrival rate given by We have tested both dynamic tracking from given initial conditions and periodic limiting results. The results appear to be accurate enough for most application purposes. Figure 2 convergence to periodic limiting results. Figure 5 gives the worst example of this we have encountered. Such a buildup cannot occur if somewhere during the period the system approaches a steady state (e.g. an empty queue). Figure 6 gives a typical comparison for the standard deviation of the number in the system. In general, standard deviation fits are worse than fits for the mean. In each of these comparisons, the "exact" results were obtained by numerical integration of a truncated set of state equations. The criterion for truncation was that the long run fraction of arrivals "lost" be less than 10-6. Next, we describe the time average behavior of the number in the queuing system when the service rate is constant and the arrival rate has a constant and a sinusoidal component as in (9) with relative weight A < 1. These results were calculated using our approximation method. We found them useful in the motivating application of this work described above. Note that measures of system effectiveness other than the mean and standard deviation of the number in the system can easily be calculated or approximated from them. For example, the average time spent in the system by customers is just the time averaged number in the system divided by the arrival rate. For another example, the average number of customers in the queue at any time can be approximated by subtracting from the average number in the system the average number of busy servers as we have approximated it using the negative binomial distribution.
X(t) = X0(l + A sin 27t). (9)
This work suggests a number of new areas for further theoretical work. First, we would like to see a more extensive analysis of the errors introduced by our approximation with the hope that simple changes in our method could improve its accuracy. These changes could consist of overall correction terms for systematically observed errors or modifications of the negative binomial approximation we have used in step 1 of our procedure. The numerical integration procedure could obviously be replaced by more advanced methods that would enable us to increase the step size without affecting convergence or losing accuracy. Our procedure for finding a limiting periodic result for periodic queues by tracking the system until it settles down could be improved in those cases in which many periods are required for the settling down. A generalization of the theorems in the appendix to multiple servers would be welcome. Finally, extension of our method to other queueing systems could make models of those systems useful in situation involving systematic arrival rate fluctuation. Priority queues, in particular, could be treated.
This work also facilitates some interesting research questions related to applications. In those queueing situations in which dynamic aspects have been ignored or grossly approximated, how good have the approximations been? Most important, however, is the contribution of this work to new application opportunties. 
